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Introduction, Stable matching
Basics of Algorithm Analysis, Greedy Algorithms (1/2)
Greedy Algorithms (2/2)

Divide and Conquer (1/2)

Divide and Conquer (2/2)

Dynamic Programming (1/2)
Dynamic Programming (2/2)
Thursday Classes

Network Flow (1/2)

Network Flow (2/2)

NP and Computational Intractability
Approximation Algorithms (1/2)
Approximation Algorithms (2/2)
Randomized Algorithms
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Approximation algorithm (repeated)

Definition
For a maximization problem “max f(z) s.t. z € X",
a solution z* € X is an a-approximation solution if f(z*) > «a - OPT

Definition
For a minimization problem “min f(z) s.t. z € X",
a solution z* € X is an a-approximation solution if f(z*) < a - OPT

Definition
An a-approximation algorithm is a polynomial-time algorithm that finds
an a-approximation solution for any instance
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Set Cover Problem

Problem
o Input: U={ey,...,en}, 51,5,...,5, C U

e Goal: minimize |J|s.t. J C [m]and U;c; 8 =U

This problem is NP-hard since the decision version is NP-complete

Example

o U= {ela €2, €3, €4, €5, €, 67}

S ={e1, e, e3}

52 — {ela €4, €5, 67}

‘5’3 = {833 €6, 67}

b 54 — {647 €5, €6, 67}
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Greedy algorithm
Algorithm
1 J <+ 0;
2 while |J;c; 5 € U do
3 Select j* € [m] that maximizes |S; \ |J
4 J— JU{j*}h

5 Return J;

jed |

Example J =10

o U={e, ez, e3,€4,65,¢e¢r}

o Sy ={en,e2,e3 P Si\Ujes S = {e1, e2, e3}

o Sy={er, e 65,67} =P 52\ Ujey 55 = {e1, ea, €5, €7}
S3={es,e6,ert P S3\Ujes 55 = {e3, 6, €7}
o Sy=A{es, 5, e, e} =P 51\ Ujey 9 = {es, €5, €6, €7}
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Greedy algorithm
Algorithm
1 J <+ 0;
2 while |J;c; 5 € U do
3 Select j* € [m] that maximizes |S; \ |J
4 J— JU{j*}h

5 Return J;

jed |

Example J={2}
o U={e1, e €3 €4,65, ¢, €7}
o S1={e,e2,e3} =P Si\Ujes 55 = {e2, e3}
o S5 ={ei,eq, 5, €7}
Sy ={es, e6,er} P S3\Ujes S5 = {e3, 6}
o Sy={es, €5 €, 67} =P Sa\Ujc;s 9 = {es}
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Greedy algorithm
Algorithm
1 J <+ 0;
2 while |J;c; 5 € U do
3 Select j* € [m] that maximizes |S; \ |J
4 J— JU{j*}h

5 Return J;

jed |

Example  J ={1,2}
o U={en, e es3, eq, €5, ¢ €7}
S1 = {e1, e2, e3}
Sy = {e1, e4, €5, €7}
S3 = {es, e6, e} =P 53\ Ujes S = {e6}
o Sy ={es, 5,5, er} = S\ Ujcs S = {es}
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Greedy algorithm
Algorithm

1 J <+ 0

2 while |J;c; 5 € U do

3 Select j* € [m] that maximizes |Sj- \ U, Sjl;
4 L J «— JU{j*};

5 Return J;

Example J=1{1,2,3}
o U={e, ez, e3,€4,65,¢e¢r}
S1 = {e1, e2, e3}
Sy = {e1, €4, €5, €7}
Sz = {es, €, er}
o Sy={es, 5 5,67} =P Su\Uje; 95 =10
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Analysis of the greedy algorithm

Theorem
The greedy algorithm is an O(log n)-approximation algorithm

Proof

® ¢1,69,...,¢e,: an order in which they were covered by the algorithm

e p(ex) := (# of covered elements at the same time as ¢;)
n—k+1
~— OPT

(. at least n — k + 1 elements are not covered before ey, is covered)

1 OPT " OPT

= — < _ = _— = . = -OP

e ALG E len) = E i E ; H, - OPT = O(logn) - OPT
ereU ereU t=1
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Worst case example

The greedy algorithm outputs 2(log n)-approx. solution for the following

Sl 52 53 54

Ti(|ef|e of]o o o offe o o o o o o of]
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© Monotone Submodular Maximization
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Monotone Submodular Function

Definition
A function f: 2 — R is called
e monotone if f(X) < f(Y) (VX CVY C E)

e submodular if f(X)+f(Y)>f(XUY)+f(XNY) (VX,Y CE)
e normalized if f(0) =0

Example
e linear function: f(X) = ZieX w;

e coverage function: f(X ‘UIGXS‘
e matroid rank function: f( )=max{|X'| : X' C X, X' €T}

e joint entropy
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Monotone Submodular Maximization

Problem

e Input: monotone submodular function f: 2 — R, and k € {1,...,|E|}

e Goal: maximize f(X) subject to |X| < k

Set cover problem <p Monotone submodular maximization problem
—» Monotone submodular maximization problem is NP-hard

Example
e U=1{1,2,...,13} o E=1{1,2,3,4}
o S ={1,2,3} o f(X)=|Uex 5
o So=1{2,3,4,5,6} o k=2

o S5 =1{4,56,7,8,9,10}
e 5y ={8,9,10,11,12,13}
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Greedy algorithm

1 Initially S « ¢;

2 for{ <+ 1,2,...,kdo

3 Let e € argmax{f(S¢ D uU{e}) — f(SE V)| ec E\ SEV};
4 L 8O  g=1) y {e®};

5 Return S);

Example
e U={1,2,...,13} o F=1{1,2,3,4}
® 512{17273} o f(X):‘UzeXSZ‘
o S =1{2,3,4,5,6} o k=2

e 83 =1{4,5,6,7,8,9,10}
e Sy ={8,9,10,11,12,13}
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Approximation ratio

Lemma 1
Forall TC T'CE, f(T') = f(T) < X ernr(f(TU{e}) = f(T))

Lemma 2

£(519) ~ F(S%D) 2 frrdemmy (F(87) = (D)) 2 H(7(57) - F(5¢)

Theorem

£(8©) > (1= (1= ") £(5)

The greedy algorithm is a (1 — 1/e)-approximation algorithm because

F(SH)Y > (1 -(1- %)k) f(5*) > (1= 1) f(S*) by the theorem
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Proof of Lemma 1

Lemma 1
Forall TC T'CE, f(T') ~ f(T) < X ernr(f(TU{e}) - f(T))

Proof
o Let T\ T ={e1,e2,...,€m}
o To=T,T = TU{el},...,Tg: TU{el,...,eg},...,Tm: T’
« By submodularity, /(Ty 1 U{er}) — f(Ts1) < /(TU {er}) — F(T)

e By summing up the inequalities, we get the desired inequality
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Proof of Lemma 2

Lemma 1
Forall TC T'CE, f(T')— f(T) < ZeeT/\T(f(TU {e}) = £(T))

Lemma 2

F(8©) = F(8€™) > rordom (F(57) = F(8E)) 2 H(1(57) - F(5¢)

Proof
e Foreach ¢ € {1,...,k}, we have

F(57) = f(87D) < f(8* U s — f(5ED)
D DR CHES (Cha)

< |S§* S(f*l) . S(Zfl) U _ S(Zfl)
<[5\ | eesg{%)(gq)(f( {e}) — f( )

<187\ SEHL(£(SU) — F(sUy)

o The second inequality of Lemma 2 holds by |S*\ S¢~D| < k
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Proof of Theorem
Theorem
(59 2 (1- (1= )°) #(5)

Proof by induction
e Base step (£ =0): f(S0)=0= (1 - (1- l/k)o) f(57)

e Induction step (¢ > 1):

FSEH) > £(50) + 3 (£(57) ~ £(59))

= (1-7) A9+ 1t5)
>
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© Knapsack Problem
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Knpsack problem

Problem
e Input: items £ ={1,2,...,n} and a capacity W € Z,
item 7 has value v; € Z and size w; € Z

 Goal: maximize ), ;v; subject to I C {1,2,...,n} > .., w; < W

Recap: knapsack problem is NP-hard

Examples
W =16
) Vs Wy
1 55 4
2 61 2
3 8 9
4 38 1
5 63 3
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Knpsack problem

Problem
e Input: items £ ={1,2,...,n} and a capacity W € Z,
item 7 has value v; € Z and size w; € Z

 Goal: maximize ), ;v; subject to I C {1,2,...,n} > .., w; < W

Recap: knapsack problem is NP-hard

Examples
W =16 optimal value is 61 + 82 4+ 38 4+ 63 = 244
) Vs Wy
1 55 4
2 61 2
3 8 9
4 38 1
5 63 3
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Continuous knapsack problem
(Integral) Knapsack problem

max Y ,.p¥% St Y cpwr < W, z;€{0,1} (Vi€ E)

Continuous Knapsack problem
max Y .pUil; St Y cpwir; < W, x;€[0,1] (Vi€ E)

Observations
° OPTint < OPTCOnt
e fractional knapsack problem can be solved by a greedy algorithm

descending order of their density (values per unit weight v;/w;)

density

w1 w2 w3 W4 Ws weight

Yasushi Kawase Advanced Core in Algorithm Design



1/2-approximation algorithm

1 Sort items (with size < W) and reIabeI so that ”1 >R >...> .

w2 — Wn,
2 Let k be the index such that Z Tw < W< Z 1 Wi
3 Pick the better of {1,2,...,k— 1} and {k};
Theorem

The above algorithm is 1/2-approximation

1, WXl w , 0 ,..., 0) is optimal for cont. ver.
wy;

1 k—1 k41 n
. +

e 2max {Z L, vk} > Z Lo > 30 vk = OPT®™ > OPT™

density

w1 w2 w3 W4 Ws weight
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Worst case

Instance
n=3and W =2
oitem1: vy = (1 +€)?, wy =1+¢

o item2: =1, wp =1
o item3: v3=1, wz=1
A
density w
item 1 item 2 item 3 w;ight
. 1+e)?
Analysis  8LS = ( J;) —1 (e—0)
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PTAS and FPTAS (for maximization problems)

Definition: Polynomial-time approximation scheme (PTAS)

A PTAS is a (1 — €)-approximation algorithm that runs in time polynomial
in the problem size for any constant € > 0

Definition: Fully polynomial-time approximation scheme (FPTAS)

A FPTAS is a (1 — €)-approximation algorithm that runs in time polynomial
in both the problem size and 1/¢ for any € > 0

e A (1 — €)-approximation algorithm that runs in O(n'/¢) or O(n(l/e)l/e)
is PTAS but not FPTAS

e We will see PTAS and FPTAS for the knapsack problem
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PTAS

Idea: guess the top-¢ for value in the optimal solution

Algorithm

1 Sort items (with size < W) and relabel so that - > /2 > ... > J2;

- w2 — Wn,

2 foreach nonempty X C E with |X| < ¢ and Z iex wi < W do

3 Sx < X and v* + min;cx v;;

4 fori< 1,2,...,ndo

5 if i ¢ X, v; <v*, and w(Sx) + w; < W then
6 L LSX<—S)(U{Z'};

7 Return the optimal solution among Sx;

Theorem

The above algorithm is (1 — £+1) approximation and runs in O(n‘*1) time
e O(n') possibilities of X imply O(n‘F1) time 0 10x 1) time for sort
e By setting £ = [1/€] — 1, it is (1 — €)-approx. alg. that runs in O(n//¢l) time
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Proof of approximation ratio

Theorem

The algorithm is (1 — £+1) approximation

Proof
e Assumption: the optimal solution contains at least £ + 1 items

since otherwise the algorithm outputs the optimal solution

e Let X* be the optimal solution and let X be the top-{ items in it
e v(X") < o(Sx) + i vi < (S %)+ S v+ z+1) < ALG + é+1)

—> ALG > o(X*) — 450 — (1 - 4)OPT

A
density
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Recap: Dynamic programming for knapsack problem
OPT(k, w) = max{v(X) | X C{1,2,...,k}, w(X) < w}
Recursive formula

0 if k=0,
OPT(k,w) = { OPT(k — 1, w) if wp > w
max{OPT(k —1,w), OPT(k—1,b— wg)+ vy} otherwise

Compute for k=0,1,...,nand w=0,1,..., W = O(nW) time

Example (w;, v;) = (4,55), (2,61), (9,82), (1, 38), (3,63), W = 16

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 5 55 55 55 55 55 55 55 55 55 55 55 55

Rwlo 1

0

0

0 61 61 61 61 116 116 116 116 116 116 116 116 116 116 116
0

8

8

0

61 61 61 61 116 116 116 116 116 143 143 143 143 198 198
61 99 99 99 116 154 154 154 154 154 181 181 181 198 236
61 99 101 124 162 162 162 179 217 217 217 217 217 244 244

Gl B W N =
oO|lo|o|o|o|lo

3
3
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Another dynamic programming for knapsack problem
OPT(k,v) = min{w(X) | X C{1,2,...,k}, v(X) = v}

Recursive formula

0 if v=0,
OPT(k, v) = 400 else if k=0,
’ min{OPT(k — 1,v), OPT(k — 1,v — ) + wg} else if v > vy,
OPT(k —1,v) otherwise

Compute for k=0,1,...,nand v=0,1,...,> ", v; = O(n? max; v;) time

Example (wy, v;) = (55,4), (61,2), (82,6), (38,1), (63,3), W = 160

k\v ‘ 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
010 o0 00 0 © o© o o0 o0 00 00 oo oo 00 o0 0 00
110 oo 0o o b oo 0o oo 0o oo 0 0o o0 0o oo 0 00
210 oo 61 o0 55 o0 116 o0 o0 o0 o0 00 00 00 00 00 0
3/0 o0 61 oo 55 oo 82 oo 143 oo 137 oo 198 o0 o oo >
410 38 61 99 55 93 82 120 143 181 137 175 198 236 oo o0
5|0 38 61 63 55 93 82 118 143 145 137 175 198 200 238 261 299
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FPTAS

Idea: scale down the value of every item into 0,1,...,¢

Algorithm
1 Let vmax = maxyj_; vy;

2 For each item 4, let 9; = L”? ~€J (delete ¢ with w; > W);

3 Compute the optimal solution for ((wl, ),y (Why Op); W)
by the dynamic programming and output it;

Theorem
The above algorithm is (1 — %)-approximation and runs in O(n?¢) time
e The running time is O(n?¢) since max; 9; = /

e By setting £ = | 2], it is (1 — €)-approx. alg. that runs in O(”?S) time
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Proof of approximation ratio

Theorem
The algorithm is (1 — 7 )-approximation

Proof
e Let X* be the optimal solution and let X be the output of the algorithm

¢ U -£—1<@i:b“ﬁ 'fJéuﬁi'f

Umax 'max

* Thus, we have
v Umax ( (% gl)
e X*

A~ max Umax A~
ZwZZw 7 > v v >

eX i€X 7

M
e

= Z v — U“;X|X*\2 (1 -

e X* t
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