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Introduction, Stable matching
Basics of Algorithm Analysis, Graphs
Greedy Algorithms (1/2)

Greedy Algorithms (2/2)

Divide and Conquer (1/2)

Divide and Conquer (2/2)

Dynamic Programming (1/2)
Dynamic Programming (2/2)
Network Flow (1/2)

Network Flow (2/2)

NP and Computational Intractability
Approximation Algorithms (1/2)
Approximation Algorithms (2/2)
Final Examination
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Reprint: reccurence relations

Recurrence relations Computational time
T(n)=T(n/2)+0(1) T(n) = O(logn)
T(n)=2-T(n/2)+ O(1) T(n) = O(n)
T(n)=2-T(n/2)+ O(n) T(n) = O(nlogn)
T(n)=3-T(n/2)+ O(n) T(n) = O(n'°823)

O(n?) if d > log; a
T(n) = aT(n/b) + O(n?) T(n) = ¢ O(n%logn) if d =1log,a

O(n'8v®)  if d <log,a

a>00b>1,d>0

Yasushi Kawase Advanced Core in Algorithm Design



Outline

@ Integer Multiplication
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Integer multiplication

Problem
Input n-bit positive integers x and y

Goal output their product z - y

“grade school” algorithm: ©(n?) time

—> we can improve it to O(n!'*?) by the divide-and-conquer technique

Example z =12 =1100(y), y = 13 = 1101y

1100
12 x) 1101
x) 13 1100
36 0000
12 1100
156 1100
10011100
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Idea

e split z and y into their left and right halves

x:’ z, | TR \:2n/2$L+$R

y=[ w | wr |=2"u+ur

e the product of x and y is

vy = 2"xpyr, + 2"2(zryR + TRYL) + TRYR

e straightforward application of divide-and-conquer
T(n) =4T(n/2) + O(n) = T(n) = O(n?) (mot improveq)
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Idea

e split z and y into their left and right halves

x:’ z, | TR ‘:2”/2xL+xR

y=[ w | wr |=2"u+ur

e the product of x and y is

vy = 2"apyr, + 22 (zryr + TRYL) + TRYR

{JTL?/L +aryr — (21 — 2r) (YL — ?/R)]

e straightforward application of divide-and-conquer
T(n) = 4T(’I’L/2) + O(n) —> T(n) == O(TL2) (not improved)
e 1y can be computed by three n/2-bit multiplications (karatsuba algorithm)

T(n) =3T(n/2) 4+ O(n) = T(n) = O(n'°823) = O(n'?)

log, 3 &~ 1.58496
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Karatsuba algorithm

multiply(n,z,y) (assume n is a power of 2)

1 if n = 1 then Return zy;

2 Let 27, and zp be leftmost and rightmost n/2 bits of x, respectively;
3 Let yz, and yp be leftmost and rightmost n/2 bits of y, respectively;
4 p <+ multiply(n/2,zr,y1);

5 ¢ < multiply(n/2, 2R, yr);

6 7 < multiply(n/2,x; — xR, YL — YR);

7 Return p-2" + (p+ ¢ — r)2"?% + ¢;

Theorem
The running time of the algorithm is O(n!%823) = O(n!??)
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Exercise

base 100

Compute 2021 x 1024 by grade school algorithm and Karatsuba algorithm
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Outline

© Polynomial multiplication
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Polynomial multiplication

Problem
Input A(z) = ag+ a2+ +an_12" ! and B(z) = by + b1z +--- by_12"!
Goal output C(z) = A(z) - B(z) = co+ 1o+ -+ + C2(ﬂ_1)x2(n—1)

Essentially contains integer multiplication

naive algorithm: ©(n?) time (. ¢, = E?:o a;bg_;)

Karatsuba algorithm: O(n!9)

—> we can improve it to O(nlogn)

Example

(1+2z+42°%) - (3 — 2+ 22%) = 3 + 5z + 1222 4 82*
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Basic operations
Two polynomials:

Alz) = ag+ a1z + -+ + ap_13""
B(z) = by 4 by + -+ by_qz™ !

e Addition: O(n) time

A(z) + B(z) = (a0 + bo) + (a1 + b))z + -+ + (an—1 + bp_1)z" "

e Evaluation: O(n) time

Alz) = ap + (a1 + z(ag + - - - + z(an—2 + z(an-1))))
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Value representation of polynomials

Fundamental theorem of algebra
A degree n polynomial with complex coefficients has exactly n complex roots

Corollary
A degree-(n—1) polynomial is characterized by its values at distinct n points

Example (n =3)

e Coefficient representation: A(z) =1+ 2z + 422
e Value representation: A(0) =1, A(1) =7, A(—1) =3
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Basic operations (value representation)

Two polynomials with points zy, z1, ..., Tn—1:

A(z): (20,90)s -+ (Tn—1, Yn—1)
B(z): (20,20),- -+ (Tn—1, 2n—1)

e Addition: O(n) time
A(z) + B(z): (@0, %0 + 20)s - - - (Tn—1, Yn—1 + Zn—1)
e Multiplication: O(n) time (if A(z) - B(z) is of degree at most n — 1)
A(z) - B(2): (20,90 - ), -+ (Tn—1, Yn—1 - Zn-1)
e Interpolation: O(n?) time by Lagrange's formula (too slow)

j;ék xj)
Z Hﬁsk - ;)
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Idea

Compute the multiplication in value representation

Coefficient representation Value representation
ag, a1, - - -5 Gn—1 W ( (anyO)a"'a($2n—lay2n—l)
bO» bla 000y bn—l J Evaluation O(n2) L (1'0, Zo), ey (xanl» Zgnfl)

multiplication O(n)

Y

[(x()a 9020)7 0oog ($2n—1a an—lz2n—1)J

[ Co,C1y- -+, C2n—2 ]:

Interpolation O(n3)
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Idea

Compute the multiplication in value representation

Coefficient representation Value representation
A0y Oy - v oy Q1 W ( (20, %0)s - -+ (T2n—1, Y2n—1)
bo, b1y ..., byt J Evaluation—O{n2) L (IO,Z()),...,($2n_1,Z2n_1)

FFT O(nlogn)

multiplication O(n)

Y

[(2?0, yozo), s (xzn—h y2n71z2n71)}

[ Co5 C1y .-+, C2n—2 ]:

Interpolation—O{n3)
inverse FFT O(nlogn)
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Evaluation by divide-and-conquer
e Break up polynomial into even- and odd-degree terms

A(z) = Ao(2?) + zA,(7?)

even-degree terms odd-degree terms

Example: 3 + 4z + 622 + 5% + 2% + 22° = (3 + 622 + 2%) + 2(4 + 522 + 22%)

e Calculations needed for A(z;) can be recycled toward computing A(—x;)
A(z;) = Ae(a) + 2 Ao (a7)
A(—m;) = Ao(z?) — 2;44(2?)

7

e What is a good way to choose points that can be recycled well?
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Discrete Fourier Transform

2mi/n

Key idea: Choose z;, = w* where w = e is principle nth root of unity

%0 1 1 1 1 ao
Y1 1 w! w? T w1 a
Y2 1 w? w wS w2(n=1) az
ys |~ |1 WP w0 e W31 a5
Yn—1 1wl W21 3(n=1) wn=1)(n-1) U1

Fourier matrix F),

o A(z) = Zj” 01 a]xﬂ =ay+ az+ a4+ -+ ap_12™ !

o yp=AWh) =Y aw® (k=0,1,...,n—1)
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Fast Fourier Transform
o Awh) = A (W?F) + wFA,(w?F)
° A(wk+"/2) _ A(—wk) — Ae(w%) _ kaO(WQk)

FFT(n, ag, a1, a2, ..., ap—1)
1 if n =1 then Return qg;
2 (eo,e1,---,en/9-1) < FFT(n/2, ao, a2, as, - . -, ap—2);
3 (d()a Gilgacss dn/?—l) — FFT(’/L/2, ai, ag, as, . . ., anfl);
4 for k< 0,1,2,...,n/2 —1do
5 L wk  e2mik/n Y < e + whdy, Yk+n/2 < €k — wkdy,

(=]

Return (o, y1, Y2, - s Yn—1);

The total computational time is T'(n) = 2T(n/2) + O(n)

Theorem
The running time of FFT is O(nlogn)
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Inverse Discrete Fourier Transform

ap 1 1 1 1 .. 1 -1 Yo
ay 1 wl w2 w3 wnfl "
az 1 w? wh WO 2 "
as = 1 w3 wb w? . wg(nfl) vs
an—1 1 w1 2=l Bl L ye=1(nl) Yn—1
Inverse Fourier matrix F; !
1 1 1 1 S 1
1 wt w2 w3 . w—(n=1)
L1l W w™? w6 w2An=1)
By = alt w3 w6 w9 c. 3=
1 w1 H=2-1) =301 ... ,G=(¢=1)(n-1)
(FnFy ! )ik = ,],Z”il = /)7()/ by z’ l=(@z-D(1+z+22+--+z" 1)
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Inverse Fast Fourier Transform

IHVGISQFFT(TL’ Yo, Y1, Y25 - - -, ?/n—l)

1 if n = 1 then Return y;

2 (e, €1,---,€n/2-1) < InverseFFT(n/2, Yo, Y2, Y4, - - - » Yn—2);
3 (do, di,...,dyja—1) < InverseFFT(n/2,y1, Y3, Y5, - - - Yn—1);
4 for k< 0,1,2,...,n/2 —1do

5 L Wk — e 2mk/n g« e + whdy, Qhtn/2 < €k — wkdy,

6 Return (ag, a1, ag,...,an-1);
To be precise, we need to divide the result by n to get the Inverse FFT

The total running time is T'(n) = 27(n/2) + O(n)

Theorem
The running time of Inverse FFT is O(nlogn)
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Conclusion

Theorem

The multiplication of A(z) = 372) axz® and B(z) = 372 bpa*!

can be computed in O(nlogn) time

Coefficient representation

Value representation

‘( (70, %0), -+ (T2n—1, Y2n—1)
N J FFT O(nlogn) VL (20,20), - - -, (Tan—1, Z2n—1)

multiplication O(n)

Y

y

ag, 1y ..., 0p—1 W
bo, b1, ...
[ Co5 C1y .-+ Con—2 o

[(»’Co, yozo), ) ($2n—1, 3/2n—122n—1)j
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Integer multiplication revisited

Problem
Input n-bit positive integers a and b

Goal output their product a - b

e A(x)=ap+ ez + -+ ap_12" ! (a = A(2))
o B(z)=1by+bix+- 4 by_12" ! (b= B(2))
e C(z) = A(z) - B(z) (ab= C(2))

—» - b can be computed in O(nlog n) arithmetic operations

{require O(log n) bits of precision}
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Integer multiplication revisited

Problem
Input n-bit positive integers a and b

Goal output their product a - b

e A(x)=ap+ ez + -+ ap_12" ! (a = A(2))
o B(z)=1by+bix+- 4 by_12" ! (b= B(2))
e C(z) = A(z) - B(z) (ab= C(2))

—» - b can be computed in O(nlog n) arithmetic operations

{require O(log n) bits of precision}

e O(nlog®n) bit operations as we need to use O(log n) bits of precision
e O(nlogn -loglogn) bit operations by computing FFT over a ring

e cf. simple divide-and-conquer: O(n!-5%) bit operations

Yasushi Kawase Advanced Core in Algorithm Design 21 /21



	Integer Multiplication
	Polynomial multiplication

